n
|
=

5. TYriality and Local Triality

The transformations which pressrve ths quadzalic norm
form of « composition algehra are claosely connacited Lo the
algebra sbructure. “n Lh= ones nand, Ltheyv can bs muilt ()
from multiplication aporalos-s plus the standa-d invelution,
on the other they ars precissely zhe autotopies and anti-
autotopies of the alyshbra. inalougously, the transformations which
are Lis similarvities zelative to ths no=m form are sums of
miltiplicatlions and can be identifiocd wikh =ha diffootopies of

the algabra.

Similazities and Multbiplications

Reecall that if Q is any quadratie form on 2 vector soase X
swer a f£fiald &, the shﬂilnrﬁfy qrovp S{0) of 2 consists oFf all
Similavities |, crat iz, ell bijective Lransformations 5 on X which
preserve the guadratic Fforn up to a scalar: Q{5%) = cl(x) whera
G &£ % is tha nuﬂfiplier ol 5. Thoss Translormations with mulitipliar
- comprise the orthogenal grovp 0(Q) (or croun of (somedries of o).

If the bilianear form Q{x,vw) is Noncdogenerate and ¥ is finite-

dimensiconal, tha srohogonal yroup is gencrakbed by the ayﬁnha¢rﬁ¢5

fELL) 5 () = x = Q{u}_lgia,xl

M

i

ctermined by non-isatronic vectors a = X (Pla) &£ 9). 1Those



isometrias {(orthogonal transformations) which are products of
2

an zven numbsy of sympelriszs constitute the subgroup 0 () of
froper isomsztrics (or rota+tiohs) waile producis of an odd numbex
Of symmeiriss constituts theo jmprep®r isometries {or reflectians)
Q. P

In chzracleristino # 2 propriety and impropricty have a siwpla
intarprastzation in terms of dalerminants: T g ot(g) is prapar
iff dat T = +1, gné T & 0 [Q) is impropsr ifF dst T = =1, This
Zollews Decauss cach symmabry Sd has delermicant -1; indezad, Sa
is just zaflection in the hvparplare at = {EEK[Q{a,HJ = 0},
fixing =hs hyperplane and sanding o te —a (Shus acting as +1
on fhe hyperplane and zz ~I ar the l-dimensiocnal space $a) .

Symme iy Sa: L{fi.,: hypezrplane at
S S TP I t
~Z HSJ}:]
a

Egr the rest of this section we will e intsrested ian the
case Whora U = n is khe guadratic rovm form of & conpositian
algocebra; In thls vase the cowpusition ftornmula

afxv) = plxiniy)
shows That lett multiplication L by an inwvertiblse slement x is
d noerp-sizilerity with multinlier O = ni{x}, zlso that right
multipiication B is a similarity with multinlicy g = Gaiy). n
a2

Particulazar (o divectly from niow] = o nlxl), scalaw mualtiplications
gre norm—sipnilarities. Thug anything in the npulliplization group
of the algsbhra N is a nasrme=simila=iLy,

(5.2 GALAYI . siny .,



The relation ni{x*] = n{x) {by 1.00)

involutior * is an isonstry

E5aald 2 oolin) .

(Warning: thz n in O{n) and Sin)l =

an inte¢er eguzl fo the dimansisarn

Tha GMiaY and

mizltiplicazians

genarate all similarities.

{gimilarity Thzorem) Tf n is zhe

algekow, Bvery norm similzavity

& = L M

where % = 3({1) z&nd T &€ o{n) i= an i

ordin ary camnposiiion
with the

coincides multiplication

1
=
1

GM{RA) L

Arny noxm similarity 2 € 5(n) way bz written
£5. 55 87 = LT ...U_ oz = L
Y \,r'l .'f'-l{ i
The orthogonal group coincides with the
togother with 211 isometris multiplications:
improper isomstry may be wiittan as
", ”__”—I e I:J.+
I 1} g = | :
[ L..:'J._
= i3 s
{(Z.587
= g =4 iy
I = ~-nih] £ i * {

shows

tands

2 E Gin)

groug

Lo

norm form ol

nas

oz kry

anc

[ P N

tha

standard

r the norm

a unligus decompssition

Eixing 1.

algekra the groug of norm s milaritie

standard

any

standard

a comnosicion

involution,

invalution

proper o



Proof. SHuch a deconmposition

since: if § = Ly? then 3(1l) = & T{1}) = &L (1)

ang T = Lx 5 determinas T,
X = 5(1) is invertihie {by 1.17:

fence L, s invertidle (by tde Invarse Thaoran

I'=L 75 is alsp g n0rn similavity

i

clearly unique,

n{x) = a(31)

= T (=) = 1} anm4d Lharefore is isaomstric {4

maltiplier 1 of T is

n{Iy) = niLx-l S

which fixe

n genersl

n{Tl} since npi{TL) = Trofl)

ufx_l

Jnlsy)

i

= n{x}_t By

S0 fav all we nesdad was 4 comoosition

gn ardlnsry composition algsbrs

tlhen the Lilincor

al gy

SUch a decomposition sw s

dn{l) =

| -0

|=

clrra,

(T(L)

1L

nendegenarate and tke space is finite-dimensinmal {dimen

X determinas x

dnseguently

we have

torm ni{=;v) is

HFion

“r2,4, oxr 8); in this Case We kunow cach icomebtry T braaxs ap

inte a product of F¥ymme txriag

re2al kev tao +an relation hetwean

tha U-ggarvators and the

{3.7) holds hecayce

By Qe liniticn {45.13

= %W =~ nla}ria,=x)a

[y The J-Torsueilqa |

=3

(i fact 57 = T =g
a

ENSW Qnos more how

& Lhs Ffact that Lhe

S¥mratrics

¥ = -5 (x:

i

5 = uta)”

U. = nla)ls
A S ST

Of &y

y

nmumet rio

i T

= i PR 2

=1 =4
i

similarici

1

a

involution:

)

1

|
&

Sy
a1l

BH

(nfa_)

T o n{l,x}1 =

2, likewize

1 .
cpifal Inia, xia nial

»19Db); (5.4

ANy Symwme Loy

the algabrazce

then follaow

ol =% k2 R T

b=t & H el F

il

]

For (5.B) g

x}

-1 (&)

5 Blinog

e

[

=

L

z Thegea

this

DAano

Tha

and multiplicatians

9 &re intimalely connasted With

I

relations

the



inveluzicn and U-oparalors] of a compesition algesbra are

norm forw n and its symmetries,

1

T i S ; ey SO : . : .
rom [5.8) we havae 5 = ni{a) U s.; since * is an invwolution

e
a2
o

We Ravi S.lU = B *S. (8.0 (x) = « U x" = = (U.» w)° = (%)),
[=F

5¢ we can move all the factors 5, ta the right i T =8 - ...3

= nf{al* rn(a 7)) U E.-°'U 5. ko get T = n(b) " U, ...U_ S

This gives zhe remzreszntation T8 = nibk) ™" U ...0 and
g A3 b?c
i s sni v I Up »s0ed,. *  as rseguired in (5.6)
s T
We Zzn oabsorn a sczlar 0 = _l-_:1{h]_l“ intes the E.x Lo raprssent
5 =L T as 8% = Ly, ¥ «oull,  0r 8 = L, U ...U,_ * as in (5.5
S 518 (s S = i i

= 1 k
and by (5.2), (5.3} we know

n oanzlogy with the ocase aof Ehe arthogonal group, we can
do fineg the propeds Sl’r‘hlla-ﬂ-‘riea & (n} to be thoszs similagrities

s

= n [ e S | iy RS A 0 r i
-+ WhRZEE LnLgus ocrinogonal part T is proper (T &£ 0 (n) with

L
1

L) = Ty zbsl The |'mpra{:~.#.r s,'lmt’!-:».ﬂ:h_ﬂﬂ 5 (n] Lo e those wifrh

improper orthogonal parts (T & G {n) with (L) = 1). [Hobte +thac
Ly Lhis convention when & = 91 has characlbsristic £ 2 we have

I A —— ;e ; -

= ial = Cas szalar multicllvations and £ {n) = @, since when
D& Ginl fi¥es 1 it fixes svervihing and T — I &= 07 in) @ yer

[

o Ty =" - (e o < N . =
1 0a o LT an O tny = 1=}, s O ol = 5 Ind My olnd. But

%
.
1
3
iy
(b
IlllI
1
n
=
e
=
T
e
}a
i
s
o

Lon 1, anyway?]

Wo_ill this no=zticsa (E.5' hacamas

[
e
b
-
I
il
[
o
o
=
n
|
o
Il

GMLA)F idim 2% 1}).

- o T ro= - o S — AT pEely r 3 ;oo
lesriy (5.5) savs 57 (n) o auinl, £ (n) C GMiAY* where



W
|~

GM{A) WJGHM[A)™; when dim 2 > 1 the sets

o
=
Il
[

¥
s
b |
&
—
i}
I

A ds noncommuita-

£ive is commutative
GHlal o
. I:ﬁ?&lm B = 1]

Rasecigon - M ot 3 .- e 4 .
Chaezefore 5" ({n) zust be zll of GM(A) and 8 (n) all of oM{a)+

[
4
&
I
ol
PP
—
]
&

n} ) GHln
fdim & % 1)

QTIn) = Sin} N 57(m) = oln) Y GMLIA) *,
RLULT Ihgt==sd wae Ialagate ko & Problem Sst (FILLT.S !
Similaxitiss zrnd Autotapies
o far we have charcoizrized the norm similaricies in karss
2= bias alosbra wuliiplications and the slandard involution.

i
by
i
EN
i
1
il
I
]
o+
L
n|
i
L1
1
it
!

@ Phe aulovzopiss of the composition dalyabra.
L. tnat an dnwvesriinle linear transformalion 5 iz an

£ thers exist ipvertibla S%:53" wilh

o
<
-
o
-}
&
T
o
i
Il
ru
|

s | Siay) = 8'(=x)s5"(v)

Ity

or 8ll =,v& A, and an an+ﬂaau+a+aﬁyif

{5 Y [ 1.5 i
L .12 '.'.I::‘:"_-"_:' - b'”f'{.'-‘?!".d‘{:
i n s ca 5 ] [ oy 2y + ] z %
bR O Thegram) h2 norm similariilles of an ordlnary com-
nosition 31 i s L SR ] =% i
FRSICIOn aldgelra A sre pragcisseiw =he avio bopies =nd gnti-avtoatavies
u : 1L il coOtopigs,

S{nd = auvtopial L Anti=anton{n)



]

©r noncommutative composition algebras (dimension 4 or )

i
b
il

Sutocp(d)
3 (n) = Anti-autop(n)

In Lhe exprassion {5.11) or (5,12 for a Eimilarity 3, Lhe

transformations §', 8" ara Proper or improper according as & is.

Proaof. (Compare Jrohlem Selb LE a8 e S B Tha Zeft and middla
. - e r =i . i ] s 2
Moufang formulas L (zy) = afz{aaty)} = lagzatfa~Lly¥ = L x'L4 y
ard U _{xy) = af(xy)a = {axllval = 1 ==p Yy show L., U_ ars astotopies
a :
oL A, Gince anw praduoct of dutotopics is acain an anrbtotopy, [(B.5)

..,'L

“inl {_ auto

n
e
'
)
=
'y
1

i Since the shandard involutcion *# is an

s |

z * * * i
anbi=-gubtotony, (xv) = ¥ *"x , anrd the produck ot an altotony and

an anti-avtotony is again an anti-aguitotepy, (5.5} shaws

s_{n]{: AnLiauten (i) . Tavs always Sin) &7 2utop(a) L Anticutop(a) ,
Coaversaly 1f 8 iz an avtozopy of A, S{xy) = 8'(x=)3"(¥y)

for all =,v &€ A, then by Schafars's Teotopy Theorem 1.5.9 3 1

(u=3"(1) "L, =«

1]

, ) N ; Laz;ar)
AN lsemorphkism o 2 onte an isotope &'

= S'{l}_l]. By (4.0U0) zany isomoxphism af conpusition algabras

preserves norms, and by (L.20) +he izotope ﬂtu,v} ig again a
comuosition zlgebra with norm n[u,v} = nf{uv)n, so nix) = n(u’V}{SKJ
= n{uvInfix) fmplics {S5x) = afuw) "nix) «nd 3 is & norm-sinilarity.
Thirg

Autonld) &8 5{n) .
Uy, 30 Antiautop(d)

= BULop(Al* £ 3% = Sl This shows Autow(d) L2 Antiavtop{a) { S (r

Flal = nuLopia) ) Enbieutop{a) .



A

5=-8

If & is commutalbive then autotopies and anti-autotapies
are Lhe same thing, Auton(i) = Antiautap(d), so we can't hope

te distinguish between $Y({n) and 57 (n) by th=zs:

]

5 £, Lowewver,

L 15 noncommutative (i.2. guaternion or Cavley) we oclaim

57(n) = hutop{a) (and therefare s (a) = s'(n)* = Autop(a)*

= hptiautop(a)). We xnow ST(n) Autopi{i)] and Autop(h)l £ Sin):
all we necd 13 that svery aubaotupy 5 is proper., Bubk 1Z it

wgrs imoyopar, 5 £ 3 (n) T Antiauwctop, it would ke an anbiautopy

anc en autotspy at Lhe sawme tTime. This ls impossible heocause

Lemma. If {8, 1) is a noncommulbative composition algsbra (thus
2 quaternion o¥ Cavley algehra of dimsnsion 2 ar §) than Autapl)

A Antiautuopid) = @,

Proof. TZ T were bothn an autotuov and an ankbliautotopy,
then 1T and To* would bz antoZopies and heance T'ID:TGWJ = * ywould
; ; R [, w) ko= *
Be auteolosy, i.2. an isumovohism I}ﬁrﬁ' P ¥ o= (xyd

& o E ; . # ;
= Wousyy for all =.v. Replacing =,y by % ,v Bhaows

¥rE T OHEutwwy.
Selting x = ¥ = 1 siews uv = 1, so u and v a»c invarsss. Settiang
o U shows 1E = =Lu, Lil!-!ﬂ ETC"E'I.D.C.iI:lL] v b}' ay }"it.':.'.'.ﬁ.*;i,
BY*® = Hu"¥y = wE*y

Arlbte u = b + ¢f Zor h,c€B. Then “ar x — a8, v = £
we have 0 = tysx = wx-y = {ul:yg - {ua}f = {pg =« T {kahﬁ}ﬁ
= pelta—a™) ¥ ble¥=a)d impidss 3oe woe STRER “CHERE 4EE U5 i ke
a - a2 & B wher cim B — & or 1 i 0,.000%. Buk Shen u = O

venzradists ipvertibility of u, and ro such u,w exist. ©



1

d

€7({n} = Antiauntop(h).

and

inpeg o g
us 37 {n} = Ruton{d) a
- - . - T
In tne expression (5.11) we kaoow § = Ru =
1 "
ST R |1 T £ ot !
achzter s Isotony Theoren T.5,9 acain, so 5 ,8" are again
autsierples. In (5.12) the cperater T = %88 jieg an aulc topy
r = oL R L o O = ! A oy b wr "nr.. | B e | n
I",Il’.r,ll = \-{ﬂf.lt 3 ‘H}’ P L‘,F:l - T1[A] T {_\;‘], gy T = *¥,8 ' i
= *23" ars zutotocpiss, heace §', 8" ara anti-autoctopies. i |
Bama sk, The 2'; 8" in (5:11) nasd not ba isometrias if £ 4=,
Hawevor; 1% 9 is clossd updes gguAare rooTs (e.9. 1f it is
algabraicelly c¢losed) we can scala thew up =o Lthey ars dzometric:
L8 8%, 8" hawve nmulciglisrs o' = nf{s'ly, o" = np{2"1l) than oo
= a5 ' Wnis"l)y = p{85'1:5"1) = a{s({l+1)} = n(lg1l) = I (% is isomerriall,
i 4 7
Ha 2E &' = F For some TEY wa =5bill hawve 2(xv) = '{x) T (%) Eor
) _}'n'r 1] _ n G 5 : | B | _2 ¢ 1 I_l [}
L =0 LY = TH' with multipliers n{T'l} = T “ni{s'L} = o i
; . 2 ;
= 1 and a(T"l) = T n{(8"1) = ¢v'¢" = 1, i.a. ' and " are both isometric
rid)
b
The facht that norm simzlaritics corrgspond to avitotopilas
reans thay come in crxiples.
.16 (Princlele of Triglity) If €587 (n) is 3 ropey norm similarity of
i ¥
an orginzry oonposition aloshra A, thors sra proper similasities
F\‘, =" wWoilks
Efxxl = 5'{x}s"{w} (%, vyah) ,
wiile 3§ 3€5 (n) 1z an imoraper porn similarity cthers are impransr
Sipilearities B', 8" wich
LT R G il o (%, vga) . e



5-10

Local Trialily

we zan davelop an analogous theory of loaal beplia S "
Linsar trassformation W Sa - ' - | _ : ,
ormation W L T Ltﬂ. Stm}tﬁhrh+3 {.jr Eeml'ﬂ-lHE.r‘ﬁﬂ-hi'lﬂﬁ :I

I'E-.'.'.—L"i"E to = o |~ r if ofw
= 3 quacratiz form § 12 g(Wx,x) = Wolx) for all x,

=
s
ih
4]
i
=
o
1
y
e
L
=3

o 1 .
e fl¥ed HUHﬁthF : W ois ﬂJ+arha+fnﬂif W= 0,
L.2. DiWx,.x) = 0. This ipoliss W isg skew, bul as uwsual in
characteristis ow o i i
cEeRTIstic 2 skew doss pob guite iliaply altsrnating.  We

d=noits b

]

el and 2{U) the Lis Algebras of Lic zimilarities and

alternabicg transformations.

=
it

Ol=,v) is hondegenerate and

1

a
T

]

|

|
a1
-
i
i
L]
i
i
1
w
Ve
ol
1

Ir
(u

Ly Lhe miltercating trausformaerions

g h{:-:} = dix,a)b - giu,kEla.

=

iH
L.

Thex TR no Lrouble hera with Rropricty ox impropriety.

Jhnce Moro We Av: interested in the case whers 0 = 2 is thae
nor= Zora of convositian elgehra a. Ir this case the Tie
wulEiplicacions are Lia similaritiay

{(5.17} LE(R) € nLs(n)

firngs bBy 1.18 the genosratar

i

= an- Ra oL LM{R] ars Lis similarities

Ll

tlalnix) = nixz, x) . Mote thab

(3
Fa |
wr
I-i
i-
I~
i
|
1
L
i
B
—
il
=]
)
"
k4

= Ty ml+imT S - Froe y
=08 mMuUlcaniicazions by trapslacs clamants t{al = 0 ara chiralls
55 L& it i = s s2CT1ils

[
|l
-
m
19
i
&
[
|
(]

(e Digye LM{2 ) & Al(n].

Ihe alsmozastbing trans Fariigo. 2 c i 5!

> TAlETarYmMacions 5} 5, can Bo ebitainad froam nul -

LI 3 "
ErplEroaclbngd ¥ by
&b
[ = 1 =7
- - ] = 5 = BT -
M [ I = W
a,hb g, h"



5.20

=

i
[

(lirsarising 1.198) = rl{i,blx
Lie ssdgilaritissy in faot,
« kelenygs te the Lie multl
(5.132; ¥ . =1 + R
a2, 0o ab £
ca ¥ (%} = (ad)x + ({x¥xb)a
= R |
Onocg mors, bthe T.ia
tiplic=tiones i the
£ Similarity Theoeorem) If
BEs hay B¥sTY L sEmiliopd
w L
o
ra B wi and 2 & A{n)] kil

=1
]

knaw LM(2) O TS5inl,

2 Il

=

nowa

gimilarities

Ls5({n)

g = W1l theon 3
Wl a = 0,

cenaral

5 vrdinary then
mEisnal, s any
meansz A = R{nlza,,
rB ml = L 2 Lotw
= d. ¢ = o]
i i ik i

Lulo) O, T ng

ey

g LEofg

though not at

ool

which

od )

e

Jise

(=

a,b

- L "J.
[ a_f .I.'I.-D

fah)=

alogzs

This proves a
first glan

Lo

] & LW(A)

(bxla + mibal +

Sern similaribies are precissly

conposition aloebhra.

s the norm form of a co
et e ) 4 !

W Li(n) has 5 uanigue
i

ide

F

v L
=

the: multiaslier o

i=

A

(=2+v13)

wiklh

18 =

forues A

nondegan

If A ig ordinary we can

Elie Lis mult

till a Lig =

Lo aoctual Ly

f w isw

avTtats and

is & sum N 3
\L'i'
-_:-_]' = 11 T i
i o
i
= L - E Y
= oo
i i
and by (5.0

11-%

a,b

ce ohvious,

Bi=a).

Ehe Lie

mposibion

decomoositbion

write

iplications

imilarity
e

w n(l)

A i

]

y anid

we Alrsady



L

(L8

[~

In tuzn, thesz Lie similaritise pw Lie multiplications
coincide with the diffeotopies (or loc¢{|ka%op:£5 }, those

transtorsations W for whichk there exist line&ar W',W" with

(5.21) Wiyl = W'ix)y + xW"(v)

Ty Ef = 1} - - - 3 3
(D2 ffeatopy Thacron) If n 1ls the norm form of an ardinery comwmposilion
ALgabra roo=de Tiz norm similaritics ara precisaly the diffactosies

LS (n) = Lain) = Diffectoplal.

w
M
0
L
¥

To show the Lie aleebra TMIA) is contained in the

: L R of

if fhe cusnerate
a’a

14
il

Min ars 4iffe i 7 i i
LM{L) ars diffeotapics. This follows directly from altoxnativity:

=V _ {®kl*y - %'L (v¥) and =B [=v)
ed (=}

(=

L Fard = [ )

I
{}
5
o
b
|
p}
-
+
B
il
haty
bt
i
"
o
I3
b

= WEYLa = xiwvaday) - (xaly = -R (%) *y + 2V {(v). Thus L5(n)
3
LMia) LDifreotopin).
In D¥oving evory ciffocviopy W is a Lie similarity, we hawe

NG clarascterizatbion of dififeotoaies &% derivetions of A into an

=R

LEotone (the way sutotonies weore isomorphisms of & vanto an isotopel,

S0 owe WIll hawve t9 sTsTE fro- scrakbeh. Let Wil) = s, w't1}

= W\ g WAMEL]) == g fetbling cunsscuvively v = l, = =1, 2= v =1

in (5.21) wields W(x) = W1'{x) - WU, Wily) = w'y + By, w o= wl o+ gh.
(& 323 W' =W - ® ., W =g o~ oF pr W= ot o ot

Heing Lhese exvrescions f0E W' oand W%, (521 heeomes



Lr

T™h

s

“AlEIw =

theEy &
in +=ip
(Mpinoi
Yelativ
ara Lis
= Z {tn
be olosz
1E W 4
(T By e
= w = 0
= u" -

i
=

i

i

L

/ . : Ea A . 1
Flx ) = xoWx + oxw'x o+ xw'x = Wit{x)x - n{x)l]}

+ E(Wa)x - niWu, =) 1t + Uow thy (1.1}, (141) 7 (5.23)

FE N |
(SR |

®IK + n{dx, 1)L + n{x,w*)x ~ n(g)wr = {nwe, )

P % {n(a:,wﬁj - L(We) f¥; I1f ;{é 1 is indepandent of 1

izie coefficients to see niWx,xn) = t{win(x), while 1if

1l then Wx = Oy = gx =0 trivially a(Wx,x) = ni{wx,x)

Thus miWx,x) = clwini(x) fog- =211 ¥, W iz a Lia

#ith multielier t(w), and Diffectop(A) ¢ L&(n) . i

hg WL,WM fZn 05,210 are diffeatospics by (9.211 and (5 .25

Lle8a Lig sizilaritiss; so once more Lie Similarities cane

af Lococal Trizalisy) If W Leln) is a onie similarity

4 the purm of an osdinary compositiarn algebra A, therse

imilarities W', W" witkh

Winy! © W'ixly + oxw"(w) Lz, v E &)
£ 2 i3 clogsed under division bv 2, i.a2. has characleristic

dditive dralogue ol the muliiviicative condition that ©

under soudrs roots),; theas W', W can ne chosen alternating

it fadf singee Tha maliipliare w', @" are necalives by
EOWYL LY+ 1 50 AR 0 5 T N k1 T . = nfwl, L)
: ; - i V. - il 4
nawve Wixvi o= 8" [(xYyw 3+ g (v) for $' = w' - T B
= A
1] -

. whers ', 27 mew have multinligrs ' = niw ', 1)

-:'[_«."n{]_,'l:' = 0 and 0" = nfE"i,1) = m" = =ptta3
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VIIT.8,1 Tyavsisas

For & gwneral quadratic form show the sct S(0) of similarities

with [Is{2), ()11 o(0). (i.e. S{0)/0(2) is abelian).

- A, - - -‘ 1l
If 2 15 closad under sguare *o0ts, show J "’QS i3 isametric for

any similarity §, hence that 3(0) = é ofo).

Veriiy dirsctly that S is isomebric with 52 = I {(gla) # 0).
ILf Qix,¥) is nondecvsnsraze z2nd O has characteri=stic ¢ 2. shaw
3 is refilsction in ths hypevplane ai-ii.e. Tixes all x| a ana
Shouw dirsctly Eﬂixvl = —E{alﬂ; lay*) (x*a) is an anti-autctopy,
or 4 genaral autolopy T, show nilx) = n{Tl)a(x) by computing
T{xx™). |

Show dirzsoetly that the Sa= LE{Q) of Tig similarities ralablve
te ) forms & Lis algshra, aild the subkses A(0) of alzteraacing
Ltansformations Iorms A Lic ideal wit [(L3i2), 8alu)] o 2(0).
If T haszs ucharasteristic £ 2 shaw W -

h
1

Lie similariity ¥, henc hat L3{Q) = %I = mlg).

[
o
i

Verify dirscily that

al
IE
N

. alternating.
f b

i1}

IZ 9lx,¥) iz nondscenerats and a,b ers crthogonal szhow 5

Ao
fimes the space (%3 + §h) HE oodd 2

imension £ 2 and intorchanges

-

& and & 2~ Zpialb, =% -20fala.

Frove irvrentiyv thet Vo 5 is w Lie similarity relativae ta =ho norn
it

forn with multiplicz 2nfa, b*) = 2ofah) . Show W o= L=

Fhow dirscily 5. {xy) = xllva®) )b} - {atb*x)}v is a diffeotony.
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cr 2 diffectopy W an a composition algabra with w1 = 0, show W

1s alternating by compubing W{xx*). Use this to show any diffaotopy

15|

(Wl =w # 0] is a Lie similarity.,

Wanen t(z2) = 0 show v = = s R < T3
: ( i 5 o LE ) 0 too show [ha;fb]

= 25 .. In characteristic ¥ 2 show the Ua with t({a) = 0 genarats

ot
w
i

i

2% & Lie zlgebra; conclude that siangs the Vv are diffeoctopies
=1

Show Lhe 87, 5" determined b (3,131} ave unigue up ko = multiple
Trom Lhe nuclsus (in =he casa 2f a Cawley algeshra, up to a scalaw) .
*ES UnLque ap bo a branslatcisn from
ayley algebra, um Lo a scalar) . When W is
aliarvnating of cleractoristic 2, show Lha alternating W', W" of

(Z.253) arz unigue. When T is orthogonzl ang & 1s closed under

fguare *roots, show +ha crthogonal T', T'" af (5.15) are pndigus

In coaracteriotis F 2 &arnd dimsncion B, whare =skew W', W" gre
unigualy detzrmined v a skaw W, show W » ! and W o+ W¥ gwo
arTonorphisms ot Rint . Erowvs a multbtiplicative Znalocua when
4 is zlosded under BEOuUSre rooos

fer oaxbilcary 2 show ko maze W= W W S+ W mre automorphisoms of

4

LS3In) /97 gad 5 > g', 5 v gv o4& lnl /0L when o is the norm of o

Zxtand Che wesulls of this seczion as fa:r aw possible o deygree
4 altzrnative aloushras aver an arkitrary ring of SoulAare.,

Defing a fhrilipear form on o by d@xow, &3 = ol S -0 N Show «x,w,z>

= SRLALYE = oESwizend = 2 {azvig) = R e L S L An ocrdersd frinple of
&liernating ILinear trarsiormarions {w. ,W ’WE} is Liz-rthﬁ&iif
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WoR. Y EF 4 Sk ,W_ov,2¥ o+ <x,v,W.2¥ = 0. In this casa show

1= 2 3
{ﬁﬂ.wlxwza and {w“’WH’Wl} are also Lie-related, as is
. = 5
- N - o
{Wajﬁl.WE} foxr W= #9e*, IF {vl,?z,UE} 15 Lia related chow

) SN P e - S - S8 ' iz Lie related, as iz anw
{[»ﬁ,tl] [ 217, [v3 PJ]} 1s Lie ralated, as any

{mll’mzi’m31; EMJEQ )

Show {Wl’w2'w3} is Lig-related iCF Wolxy) = {wi+lxjy boxdu,, ow)
{indicess meda 3).
Ar grxdarsd triple {EI‘S"’SB} of similarities is Wblaﬂ?d 1F
: L4
ﬂslx,EEy,sjzb = Afm,y,z® far X # 0 in ® and all x,v,z & A.
Bhow n this casa {dH,Sl.Ezr, Lsz,sa,slr, and {52,51,&3} are
rolated. I i [Ti'Tg’T"} iz anvther ralated tripla show
. ]

= 1y £ i 4 rie x Lo i - 1
{GlTl’ ”ETE* 5313} 1s related, a4 8 any {jlr, J21, LBIJ
(g, # 0 in @),
Show {8:,8_ ,8_ ) is rulated iEf g.{xv} = 3ty (5. .%x)(s, _v

1, & 3 I ’ i i+1 1+
(indices mod 3) {Ui = multipliaxr = Sjj.
(Principle of Tricziity) 17 {31,5“,53} iz a velated triple of

<

similarilbies =hen = vE Si I3 propetr. Conversaly, every broper
similarity L, deternines similarities T,. T, such that {T‘,TE,T

is rolated.,

Without 2Epressine W', W" in terms of W

(5,21 thae w' 55 g 2iffueuvtuny by tenlacing = by xy, v by 1

r Show dirsctly from

o

This argument wovis 1 any alyebhra wlere tho invertiblas alements

afe "danga", Oze a similar argument on {(5.11).

by all U: = nlal — T inial & 03,
= =l

¥

now O () for an oréinary conposition 2lgebra is gunerated

=16

N



